Abstract. We exploit symmetry (recurrence relation) techniques for the derivation of properties associated with families of basic hypergeometric functions. Similar methods have been used by Nikiforov, Suslov, and Uvarov. Here we apply these ideas to nd new proofs of Barnes' First Lemma and some of its q-analogues. We show that these integrals correspond to the weight functions determining the orthogonality relations for Hahn, q-Hahn, and big q-Jacobi polynomials. As another example of our method we introduce a biorthogonal system of rational functions whose weight function corresponds to the q-analogue of Kummer's Theorem.
1. Introduction. In papers Agarwal et al. (1987) , Kalnins and Miller (1987) , Miller (1988) , the authors have advocated the exploitation of symmetry (recurrence relation) techniques for the derivation of properties associated with families of basic hypergeometric functions, in analogy with the local Lie theory techniques for ordinary hypergeometric functions. In particular, we have used these ideas to give simple derivations of the orthogonality relations for the Askey-Wilson and Wilson polynomials (Askey and Wilson (1985) , Wilson (1980) ), and, in particular, simple evaluations of the weight function integrals that determine the normalizations of these polynomials. Similar techniques have been employed by Nikiforov, Suslov, and Uvarov (1985) and Nikiforov and Suslov (1986) , but they have apparently not applied them to the computation of contour integrals and summation formulas.
In x2 we use recurrence relations obeyed by a family of q-Hahn polynomials to derive the complex orthogonality of these polynomials and several q-analogues of Barnes' First Lemma, including those of Watson (1910) and Askey and Roy (1987, eq. 2.8) . These integrals correspond to the square of the norm of the constant polynomial 1. Expanding one of these contour integrals by residues we obtain the real orthogonality relations for the big q-Jacobi polynomials.
In x3 we carry out the corresponding computations for the limiting case q ! 1?
and obtain the classical Barnes' Lemma, which we now see is associated with the orthogonality of the Hahn polynomials.
In x4 we work out a simple but nontrivial example of the use of these ideas to derive biorthogonality relations for rational basic hypergeometric functions. The associated summation formula is the q-analogue of Kummer's Theorem, originally due to Andrews (1973) . This link between recurrence relations obeyed by families of special functions, orthogonality relations for the functions, associated contour integrals and summation formulas appears capable of extensive generalization.
Most of the computations in the following sections were checked with SMP. Since the weight function is symmetric in fa; bg the orthogonal polynomials satis es the transformation rule (2.18) 3 ' 2 q ?n ; q n?1 abcd; bz bc; dc ; q = b a n (ac; q) n (ad; q) n (bc; q) n (bd; q) n 3 ' 2 q ?n ; q n?1 abcd; az ac; ad ; q :
Also, the action of determines a Rodrigues formula. The complex orthogonality (2.8) for the q-Hahn polynomials leads to real discrete orthogonality for the big q-Jacobi polynomials (Andrews and Askey (1985) The rather elementary integral on the left-hand side of (2.33) can be easily evaluated by residues and the resulting geometric series summed to yield M( ; ) = (q; q) 1 = . To evaluate M we replace by +k and by +k, k a positive integer, and write the expression (3.13) in the form Hence, M is a constant, independent of ; ; ; . To evaluate the constant we set = + = = It follows that the norms of the orthogonal polynomials are nonzero and can be computed recursively from k1k 2 ; ; ; . Thus these polynomials are de ned uniquely by their orthogonality with respect to the weight function w.
The symmetry of the weight function in ( ; ) implies the identity 4. Biorthogonality relations. We will extend the ideas of the previous sections by considering rational functions rather than polynomials. Thus the basic object of study will be the rational function of z (4.1) p a;b n (z) = (az; q) n (bz; q) n rather than the polynomial (az; q) n of x2. Two fundamental recurrences are ( 1 2 ) hold for all`6 =`0. Our remaining problem is to compute the left-hand sides of expressions (4.21A), (4.21B) for`=`0.
One appropriate operator for this problem is or G(qv; q) = (1?qv)G(v; q)=(1+qv). We conclude that G(v; q) = (?vq; q) 1 K(q)=(vq; q) 1 where K(q) is to be determined. Setting u = 0, v = 1 in (4.31) we nd G(0; ?1; q) = 1 = (q; q) 1 K(q)=(?q; q) 1 1 :
This is a q-analogue of Kummer's Theorem, rst proved by Andrews (1973) ; see
